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In a recent article [ We will derive Makkai's theorem from the following theorem of Lusin. f: B -+ Y is countable-to-one if the preimage of every point in Y is countable. A topological space is Polish if it is separable and completely metrizable.
(1) Let B be a Borel subset of a Polish space X and supposed is a countable-to-one, continuous function on B to a metric space Y. Then there is a collection {Bj: i Es w} of Borel sets such that B = Uicco B, and eachf B is one-one.
A variant of (1) is stated-in Kuratowski [6, ?39,VII, Corollary 5]. A proof may be found in Lusin [7] . Since this last reference is somewhat obscure, we have included a sketch of a proof of (1) in Remark IV below.
The central proof of this paper was included in the author's Ph. D. dissertation which was written under the supervision of R. L. Vaught. Thanks are also due to John Burgess for a stimulating conversation regarding Proposition 2.
Before proceeding with our proof of Theorem 1, we summarize the material from Vaught [ is the topological space formed over the discrete spaces 2, co. We identify each p-structure (S, S) with S E X. to view X. as the set of p-structures having universe co. In the typical case of one binary relation, X. = 2wx>0. Note that Xp, is Polish.
co! is the group of permutations of co. Given n E co, let ?c? be the set of one-one functions on n to co. Given s E nul, let [ IV. As promised, we now sketch a proof of (1). We have introduced one modification to Lusin's argument (the use of the boundedness theorem) which will make it easier to extract the effective version of (1) By adding some extra remarks, we can modify the classical arguments to establish the required admissible versions of (1) A Borel pl-name is a propositional (variable-free) sentence of  LCC(pt), where pt is the result of adding constant symbols 0, 1, ... to Pi. E1  111 p-names are defined similarly. Given a pl-name a, let [ci] = {T: (a), T, 0, 1, ...) The admissible versions of (1) and (5) 
